Non-Hermitian Quantum Theory and its Holomorphic Representation:
  Introduction and Some Applications by Kleefeld, F.
ar
X
iv
:h
ep
-th
/0
40
80
28
v1
  3
 A
ug
 2
00
4
Non-Hermitian Quantum Theory and its Holomorphic
Representation: Introduction and Some Applications
Frieder Kleefeld ∗)
Centro de F´ısica das Interacc¸o˜es Fundamentais (CFIF), Instituto Superior Te´cnico,
Av. Rovisco Pais, 1049-001 Lisboa, Portugal
Present Hermitian QuantumTheory (HQT), i.e. QuantumMechanics (QM) and Quan-
tum Field Theory (QFT), is revised and replaced by a consistent non-Hermitian formal-
ism called non-Hermitian Quantum Theory (NHQT) or (Anti)Causal Quantum Theory
((A)CQT) after lining out some inherent inconsistencies and problems arising in the con-
text of causality, which is observed to introduce an indefinite metric in canonical commuta-
tion relations. Choosing some (very selective) historical approach to introduce necessary
terminology and explain complications when quantizing non-Hermitian systems in the
presence of an indefinite metric we propose a way how to construct a causal, analytic,
Poincare´ invariant, and local NHQT, the spacial representation of which is related to
the so-called holomorphic representation used in complex analysis. Besides providing a
revised antiparticle, spinor, and probability concept, a new neutrino Lagrangean, two dis-
tinct time-reversal operations, and generalized non-Hermitian Poincare´ transformations,
we will apply NHQT to consider three important issues: PT-symmetry and non-Hermitian
similarity transforms, non-Hermitian supersymmetry, and the construction of an asymp-
totically free theory of strong interactions without gluons.
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1 Introduction: Some History, Terminology, Consistency Arguments
During his remarkable Bakerian Lecture at June 19, 1941, the published version
of which dates back to 1942 [1], P.A.M. Dirac summarized in his decisive manner a
by now very influential conception of the physical world to which he had contributed
more than significantly (See also e.g. [2, 3, 4]!) 1).
∗) E-mail: kleefeld@cfif.ist.utl.pt , URL: http://cfif.ist.utl.pt/∼kleefeld/
1) According to Dirac Fermionic particles are not only occupying some of the positive energy
eigenstates of a system under consideration, yet almost all its negative energy eigenstates (“Dirac
sea”) [5]. Beyond eventually existing unoccupied states with postitive energy in a Fermion solid
(“holes”), feasible unoccupied negative energy states in the Dirac sea are identified with Fermionic
antiparticles. The Fermionic vacuum is at E → −∞. As Bosonic particles do not follow Pauli’s
exclusion principle, Dirac’s concept of filling up negative energy states could not be applied to
Bosonic systems. Hence, Dirac positioned the Bosonic vacuum at E = 0, in order to avoid Bose-
Einstein condensation of Bosonic particles towards E → −∞. Admitting hereby Bosonic particles
of only positive energy Dirac found nevertheless a very elegant way to make use of the negative
energy eigenstates of a Bosonic system. Dirac noticed that Bosonic states of negative energy have
simultaneously also negative norm and negative probability (See also [7, 8]!). Therefore Dirac [1, 6]
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From a modern point of view the conception of Dirac has besides a rather
asymmetric treatment of Fermions and Bosons its particular drawbacks in two
points causing serious difficulties in their theoretical handling: the mere existence
of a “Dirac sea” with its infinite negative energy (causing in particular problems to
cosmologists) and the missing description of Bosonic antiparticles 2).
In Vol. 1 of his book “The Quantum Theory of Fields” [10] S. Weinberg seems
to suggest that both problems have been surpassed by formalisms developed 1934
by W. Pauli and V. Weisskopf (for spin 0 Bosons) [11] and W.H. Furry and J.R.
Oppenheimer (for spin 1/2 Fermions) [12] 3). If one characterizes stable particles
serving as asymptotic states by real energies, then one might be tempted to agree for
such real energy particles to the view of Pauli, Weisskopf, Furry and Oppenheimer
(PWFO) (adverted by Weinberg and finally also by Dirac), as the introduction of
two operators ak and bk for particles and antiparticles, respectively, being related
by b+k ≡ ak and bk ≡ a+k for ωk < 0 indeed admits the vacuum to be positioned
at E = 0, while the operator bk reflects even without a Dirac sea all properties
of holes in Dirac’s sea of negative real energy states. Furthermore the concept
has the advantage to be applicable not only to Fermions, but also to Bosons 4).
Yet — as will be explained in more detail below — the view of PWFO cannot
declared Bosonic negative energy states to be responsible for the annihilation (i.e. absorption)
of positive energy particles (The negative energy states discussed in [9] reflect and support nicely
this interpretation of Dirac (even for Fermions), even though completely differently interpreted
by the respective author!). Strictly speaking, Dirac associated even Bosonic positive energy states
with the emission of Bosonic particles and not with their existence!
2) To our understanding the great merit of Dirac’s work superseding by far its drawbacks lies
— ironically — in the fact that Dirac provides us in [1] simultaneously with a great collection of
theoretical tools allowing us to remove the drawbacks in his conception of the physical world!
3) On p. 23 ff in [10] he states with respect to W.H. Furry and J.R. Oppenheimer: “. . . Furry and
Oppenheimer picked up Dirac’s idea that the positron is the absence of a negative-energy electron;
the anticommutation relations are symmetric between creation and annihilation operators, so
they defined the positron creation and annihilation operators as the corresponding annihilation
and creation operators for negative-energy electrons b+
k
≡ ak, bk ≡ a+k (for ωk < 0) where the
label k on b denotes a positive-energy positron mode with momenta and spin opposite to those
of the electron mode k. . . . it is necessary also to specify that the physical vacuum is a state Ψ0
containing no positive-energy electrons or positrons: akΨ0 = 0 (ωk > 0), bkΨ0 = 0 (ωk < 0) . . .”.
Then, in the context of the work of W. Pauli and V. Weisskopf, he remarks on p. 26 ff in [10]:
“. . . The existence of two different kinds of operators a and b, which appear in precisely the same
way in the Hamiltonian, shows that this is a theory with two kinds of particles with the same
mass. As emphasized by Pauli and Weisskopf, these two varieties can be identified as particles
and the corresponding antiparticles, and if charged have opposite charges. Thus as we stressed
above, bosons of spin zero as well as fermions of spin 1/2 can have distinct antiparticles, which
for bosons cannot be identified as holes in a sea of negative energy particles . . .”. In the course of
time even Dirac changed — according to S. Weinberg — his point of view as is stated on p. 13 ff in
[10]: “. . . And if the hole theory does not work for bosonic antiparticles, why should we believe it
for fermions? I asked Dirac in 1972 how he then felt about this point; he told me that he did not
regard bosons like the pion or W± as ‘important’. In a lecture a few years later, Dirac referred
to the fact that for bosons ‘we no longer have the picture of a vacuum with negative energy states
filled up’, and remarked that in this case ‘the whole theory becomes more complicated’. . . .”.
4) Even the “proof” of negative relative intrinsic parity between Fermions and anti-Fermions by
V.B. Berestetskii seems to remain in force [10]. Several people (including the editor of [13] on p.
53) claim that the “proof” of the negative relative sign between the intrinsic parity of a Fermionic
particle and its antiparticle has been performed for the first time by V.B. Berestetskii [14].
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be kept as it stands without inconsistency, when one tries to formulate a local,
causal, analytic and Poincare´-covariant Quantum Theory (QT) for systems with
complex-valued selfenergies and vertex-functions 5). The result of such an exercise
[15, 16, 17, 18, 19, 20, 21, 22] may be called NHQT or (A)CQT and will be described
to some extend in the following text. It will yield a “revised” conception of the
physical world treating Fermions and Bosons completely symmetrically and being
free of the above conjectured inconsistency arising not only in the early conception
by Dirac, but also in the subsequent, more sophisticated conception by PWFO
adverted e.g. by Weinberg (See also [9]!). This inconsistency, the resolution of which
is a striking argument in favour of (A)CQT, may be sketched as simple as follows:
Assume that ak(ωk) is the annihilation operator of a causal particle with complex
energy ωk (Re[ωk] > 0, Im[ωk] < 0)
6). Then the respective creation operator
of the particle with complex energy ωk is ak(−ωk) (≡ b+k according to PWFO).
The Hermitian conjugation of ak(−ωk) leads then to a+k (−ωk) (≡ bk according to
PWFO) being the annihilation operator of an anticausal particle with the complex
conjugated energy ω∗k, and not to the annihilation operator of a causal antiparticle
with energy ωk, as suggested by PWFO. For completeness we note that a
+
k (ωk) is
the creation operator of the anticausal particle with energy ω∗k
7) 8).
This unexpected lesson from a non-Hermitian causal approach to QT should not
surprise, yet be seriously taken into account, as illustrated also by the following ex-
ample. As early as 1954 T.D. Lee observed in the so-called normal “Lee-model” [24]
(See also e.g. [25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42,
43, 44, 45]!) being a somehow extended version of the preceding “Friedrichs-model”
[46] of 1948 a similar surprise due to unexpected non-Hermiticities, which he com-
ments as follows: “. . . it can be shown that the result of the renormalization process
cannot be obtained by any limiting process that involves only real values of the
unrenormalized coupling constant. This difficulty may, however, be overcome by
a modification of the present rules of quantum mechanics. . . .” [24] 9). A subse-
quent discussion by W. Pauli [26] in June, 1955, based on a joint analysis with
G. Ka¨lle´n [25] resulting in the so-called abnormal Lee-model clarified in a very
5) This exercise is guided by the observation that besides the few stable particles which may
serve as asymptotic states the majority of (anti)particle-like excitations in nature are short-lived
and resonance-like.
6) Massless particles are to be considered by a limiting procedure preserving their causal features.
7) As causality is an important issue not only for short-lived intermediate excitations in scatter-
ing processes, yet also for very long-lived particles serving as asymptotic states (displaying their
causal behaviour by an infinitesimal negative imaginary part in their mass), we have to realize that
the previous argument ruling out the approach to antiparticles by PWFO applies also to causal
particles or antiparticles with a seemingly real mass like the electron or positron, respectively.
8) It is interesting to see how even the authors of [23] gloss over these causality properties of the
considered K0 and K¯0 mesons when performing the identification φK¯0 (~x) = exp(−iδ)φ+K0 (~x).
9) Recall that the (unrenormalized) normal (+) [24] and abnormal (−) [25] Lee-model described
according to [28, 29, 45] by a Hamilton operator H = H0 + Hint with H0 = ±mV ψ+V ψV +
mN ψ
+
N
ψN +
∫
d3k a+(~k) a(~k)ω(~k) and Hint = − g0√
4π
∫ ωˆ
d3k
f(ω(~k))
(2ω(~k))1/2
[
± ψ+
V
ψN a(~k) +
a+(~k) ψ+
N
ψV
]
consists of a normal/abnormal Fermion V and a normal Fermion N with no kinetic
energy coupling to the positive frequency part ϕ(+) of a Boson ϕ (“θ-particle”), i.e. V ⇀↽ N+ϕ(+)!
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decisive and instructive way, what is going on in the Lee-model: the Lee-model’s
coupling constant renormalization N2 ≡ g2/g20 = 1/(1 + Ag20) with A > 0 de-
termined by the square of the renormalized coupling g and the unrenormalized
coupling g0 changes sign when violating the inequality 0 < g
2 < 1/A yielding
— as already observed by Lee — a purely imaginary unrenormalized coupling g0
for a finite, purely real renormalized coupling g. While Lee [24] was interpreting
the unexpected change of the Hermiticity character between the non-Hermitian
unrenormalized Hamilton operator resulting from a purely imaginary coupling g0
and the Hermitian renormalized Hamilton operator resulting from a real coupling
g as a non-unitary similarity transform 10), Pauli [26] stressed that the violation
of the inequality 0 < g2 < 1/A “. . . leads to a contradiction with the concept of
physical probability (indefinite metric of the Hilbert space) . . . connected with the
appearance of new discrete stationary states whose contribution to the conserved
sum of ‘probabilities’ is negative (‘ghosts’) . . .” [26] 11). According to foregoing lit-
erature Pauli called states with positive norm (and probability) normal and states
with negative norm (and probability) abnormal 12) (See also [7, 34, 38]!). Pauli’s
and Ka¨lle´n’s observation about the existence of an indefinite metric and abnormal
states in the Lee-model allowed them not only to understand that the Hamilton
operator of their abnormal Lee-model is pseudo-Hermitian 13) with respect to this
indefinite metric, yet also, what is actually going on in the subspace (V,N + θ)
of the Lee-model during the process of violating the inequality 0 < g2 < 1/A by
increasing g2 [31] 14). The analysis of the surprising properties of the Lee-model
10) According to R.F. Streater [47] one calls a (not necessarily selfadjoint) observable similar to
a real diagonal operator a diagon.
11) To our best knowledge (See also p. 509 in [48]!) this is the place where the term ghost enters
— in the form of a definition by W. Pauli — for the first time physics literature.
12) Abnormal Fermions are addressed e.g. by Pauli [25, 26] (e.g. in the abnormal Lee-model) and
Lee & Wick [49]. Hence, they are not invented in [50], where they are called abnormal Phermions!
13) The meaning of the terminology pseudo-Hermiticity frequently used by W. Heisenberg [29, 33]
and pseudo-unitarity used already 1958 by W. Pauli [51] on the basis of an indefinite metric was
in the same year discussed e.g. by L.K. Pandit [52]. Hesitating to distinguish between unitarity
(being reserved for the transformations which preserve the usual positive definite metric) and
pseudo-unitarity (i.e. unitarity with respect to a specific metric) he truely stated: “. . . The con-
cept of unitarity cannot be defined without specifying the metric. . .” (For subtile critics of this
understanding from the point of view of an afterwards introduced new terminology see e.g. [54]!).
14) The real energy eigenvalue of the normal eigenstate of the V -particle collides at a critical
value of g, when 0 < g2 < 1/A is violated and N2 = g2/g20 vanishes, with a real energy eigenvalue
of an additional abnormal eigenstate; this collision point (or critical point) of the abnormal Lee-
model is an exceptional point, as the eigenspace of the Hamilton operator spanned by the normal
and the abnormal eigenstate reduces at the exceptional point its dimension by one and is now
characterized by one state only called good ghost [53, 4] due to its zero norm resulting from a now
degenerate metric; fortunately there can be constructed an additional state called dipole ghost
[26, 28, 29] or bad ghost [53, 4], if chosen such (See p. 111 in [34]!) that its norm vanishes (In
consequence the good and bad ghost form a biorthogonal basis!); this dipole ghost is required to
preserve the original dimension of the space spanned by the normal and abnormal state before
their collision; a further increase of g2 beyond the critical value leads then to the formation
of a pair of — again — biorthogonal states (called e.g. “complex ghosts” [40], “complex roots”
[51], “complex poles” [56], or “exponential ghosts” [58]) of zero (traditional) norm with complex
valued, mutually complex conjugate eigenvalues (Note that such a bifurcation from real to complex
pairs of energy eigenvalues does not only occur in the Lee-model. It takes place e.g. in Quantum
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required and hence induced — similarly as the analysis of the antiparticle concept
discussed above — not only a much deeper understanding of formalistic aspects of
QT — in particular in the presence of an indefinite metric 15) and complex energy
eigenvalues (See e.g. [65, 75, 91, 92, 93]!) —, it raised also serious new questions.
One immediately arising question motivated by W. Heisenberg 16), i.e. whether
the scattering matrix of a theory containing simultaneously (complex) ghosts and
eigenstates of strictly real energy eigenvalues can be unitary, was very early an-
swered positively by W. Pauli [51] (See also [55]!) and W. Heisenberg [28] (See also
[94]!). This result was later confirmed by T.D. Lee & G.C. Wick [39, 56, 96] and
H.P. Du¨rr & E. Seiler [94] (See also [32, 90, 95]!). As will be sketched below, an-
other serious and unresolved question remained until very recently, how to achieve
beyond unitary simultaneously also analyticity, causality, locality and Poincare´ or
Lorentz invariance in theories containing (complex) ghosts. As in the context of
the antiparticle concept discussed above this puzzling point can be resolved within
the new framework of (A)CQT. What concerns the issue analyticity, the situation
Electrodynamics (QED) at the Landau-pole and in Quantum Chromodynamics (QCD) at the
confinement-deconfinement phase-transition!). The collision scenario in the Lee-model involving
just a dipole ghost is just a special case of the more general situation, when there develop higher
order degeneracies with non-trivial Jordan-Block structure [59, 60, 61] at the critical point, i.e. so-
calledmultipole ghosts [52, 33, 34, 38, 40]. The theory of parameter dependent flow, degeneracy and
bifurcation of eigenvalues at or around critical points has made — since the work of A.M. Lyapunov
in 1892 [62] (See also [63]!) — in several fields of theoretical physics (chaos theory, renormalization
group theory, . . .) great progress. Relevant references also in the context of exceptional/diabolic
points may be found in the work of M.V. Berry [64] and other research groups, e.g. [65, 66, 60, 61].
15) The development of a formalism for a QT with an indefinite metric being initiated most
probably by P.A.M. Dirac [6, 1] and W. Pauli [7] in 1942/1943 has made since then great
progress [4]. Selective subsequent very early and influential related physics publications are cer-
tainly [67, 68, 69, 25, 26, 28, 70, 71, 72, 73, 58, 35, 36, 74, 29, 75] (See also most references
mentioned in the context of the Lee-model!). For some important reviews written by physicists
including a lot of important references we refer to L.K. Pandit (1959 [52]), K.L. Nagy (1960 [34],
1966 [38], 1974 [44]), and N. Nakanishi (1972 [40]). The “η-formalism” (presumably) by W. Pauli
[7] (η ≡ “metric operator”), which was already thoroughly discussed e.g. in [52, 34, 38], has re-
cently been intensively “rediscovered” by A. Mostafazadeh (See e.g. [54] and references therein!).
It is interesting to observe that the mathematical literature on operators in spaces with indefinite
metric seems to start approximately 1944, i.e. shortly after P.A.M. Dirac and W. Pauli, by contri-
butions of L.S. Pontrjagin (1944) [76], M.G. Kre˘ın (≃ 1950) [77, 78], R. Nevanlinna (1952,1956)
[79], and I.S. Iohvidov (1956,1959) [78] (See also references therein!). Selective early mathematical
works suitable for consideration by physicists might be also [80, 81, 82]. In the meantime there
have appeared several well written mathematical reviews on the huge amount of related mathe-
matical literature, e.g. [83, 84, 85, 86, 87], while relevant contributions of mathematical physicists
(e.g. [88, 89, 90]) seem to have developed their own characteristic language. Following [86] we
want here just to recall some important terminology: an inner product space is a complex vector
space V together with a complex valued function 〈·, ·〉 = 〈·, ·〉V (≡ inner product) on V ×V which
satisfies the axioms of linearity (〈f, a g + b h〉 = a 〈f, g〉 + b 〈f, h〉 for all f, g, h ∈ V and a, b ∈ C)
and symmetry (〈f, g〉 = 〈g, f〉∗ for all f, g ∈ V); the antispace of an inner product space (V , 〈·, ·〉)
is the inner product space (V ,−〈·, ·〉); a Hilbert space is a strictly positive inner product space H
over the complex numbers which is complete in its norm metric; a Kre˘ın space K is an orthogonal
direct sum of an Hilbert space H+ and its antispace H−, i.e. K = H+ ⊕H−; a Pontrjagin space
P is a Kre˘ın space with a finite negative index, i.e. ind− P <∞; note that ind± K = dimK±.
16) According to p. 412 in [53] “. . . it was mainly Heisenberg who emphasized that the existence of
a unitary S-matrix for physical states will be sufficient to guarantee the usual quantum-mechanical
probability interpretation. . . .”
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had been summarized along to the results obtained in [97, 94] on p. 135 in [4] by
W. Heisenberg: “. . . Taking the dipole case as an example it is easily seen that the
amplitudes (or related functions) cannot be analytic at a possible threshold to the
creation of ghost-states, because the boundary conditions must be different below and
above threshold.. . .”. According to [97] (See also [98]!) he calls such an unsatisfac-
tory situation piecewise analyticity. The complications with causality, locality and
Lorentz invariance were approached 1968 in an instructive manner by E.C.G. Su-
darshan et al. [99, 100] in considering the field theory of a tachyonic Klein-Gordon
(KG) field with purely imaginary mass 17). They observed that in such a seem-
ingly Poincare´ invariant theory 18) with real energies and 3-momenta on one hand
positive (negative) energy states can be transferred to negative (positive) energy
states, respectively, by Lorentz transformations, on the other hand that a consistent
construction of interaction terms involves causal and anticausal propagators simul-
taneously yielding non-local interactions and a causality violating theory. Further-
more they note [100]: “. . . Any attempt at avoiding Fock states for negative-energy
particles violates the relativistic invariance of the theory. . . .”. It is surprising to
observe that already in 1959 M. Froissart [58] considered a — to our present knowl-
edge — much more well behaved and Lorentz covariant model of two Hermitian
conjugate complex ghosts with complex massM described by the Lagrange density
L(x) = α2
(
(∂φ(x))2 −M2 φ(x)2)+ α∗2 ((∂φ+(x))2 −M∗ 2 φ+(x)2) with 19) α = −i.
In choosing — without loss of generality — Re[M ] > 0 and Im[M ] < 0 we will call
in the follwoing the fields φ(x) causal and the fields (φ(x))+ anticausal. 13 years
later, in 1972, N. Nakanishi [57, 40] then studied Froissart’s Lagrange density with
the more significant phase choice α = 1 under the name Complex-Ghost Relativistic
Field Theory not refering to Froissart in his first submitted work [57], yet to work
by T.D. Lee & G.C. Wick [49] of 1970 who considered a similar problem ironically
already for the more complicated case of vector and Dirac fields with complex mass
(in the presence of a purely imaginary gauge-coupling constant!) 20). As a result
of an intensive analysis of the model he emphazised on p. 68 in [40] that “. . . the
relativistic complex-ghost field theory is a non-trivial, divergence-free quantum field
theory which is manifestly covariant at any finite time and whose physical S-matrix
is unitary and macrocausal. So far we know no other theory which has all these
features. The Lorentz non-invariance of the physical S-matrix is not necessarily its
demerit but it can be a merit. . . .”. Obviously N. Nakanishi concluded his analysis of
17) This investigation finds its motivation in E.P. Wigner’s observation that the existing ir-
reducible representations of the Poincare´ group factorize into 6 cases [101]: 1) pµ pµ = m2,
p0 > 0; 2) pµ pµ = 0, p0 > 0; 3) pµ pµ < m2; 4) pµ pµ = 0, p0 < 0; 5) pµ pµ = m2, p0 < 0;
6) p0 = p1 = p2 = p3 = 0. Case 3) discussed on p. 76 in [101] is obviously tachyonic!
18) Statements of Sudarshan et al. have to be taken with great precaution. O.W. Greenberg [102]
showed how Lorentz-covariance of time-ordered products implies microcausality, i.e. spacelike local
(anti)commutativity. Hence, nonlocal theories are in general expected to be not Lorentz-covariant.
19) Even though the chosen phase α = −i allows quite nicely to illustrate the concept of canon-
ical quantization in the presence of a dipole ghost within a relativistic context and related com-
plications in the formulation of a S-matrix, it simultaneously yields a theory lacking physical
significance for the description of nature.
20) It is interesting to note that also Lee & Wick did not refer in [49] to the work of Froissart.
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the theory — apart from an outline of its many beautiful features reveiled — with a
general, discouraging claim about its Lorentz non-invariance 21). Hence, even being
not tachyonic Nakanishi’s Complex-Gost Relativistic Field Theory seemed to suffer
from similar problems as the tachynonic KG theory considered by Sudarshan et al.
in 1968. Yet, contrary to the tachynonic KG theory studied by Sudarshan et al.,
there is fortunately — as conjectured by the author — a very simple way to cure the
lack of Lorentz-invariance, analyticity, causality and locality in the Complex-Ghost
Relativistic Field Theory of N. Nakanishi: it is our POSTULATE that there should
be no interaction terms between causal fields φ(x) and anticausal fields (φ(x))+ in
the Lagrange density 22). The resulting QT called (A)CQT being described in the
following text has the nice feature to be Lorentz covariant, analytic, causal and local
even in the presence of fields of complex mass with finite imaginary part describing
short-lived intermediate particles, which is due to a very tricky interplay between
the underlying normal and abnormal states having caused so many troubles and
puzzles since the Lee-model. In summary — contrary to HQT — in (A)CQT the
causal and the anticausal sector of the theory are completely disconnected, which
is the price we have to pay to achieve simultaneously Lorentz covariance, causality,
locality and analyticity 23).
It is interesting to observe present strong renewed interest (See e.g. [106]!) in
quantum-theoretic questions of the Lee-model by physicists and mathematicians,
yet now under a different headline called PT-symmetry [107, 108, 109], i.e. sym-
metry under space- and time-reversal 24). Due to its intimate relation to the Lee-
21) It is important to note that N. Nakanishi repeats here an argument about Lorentz non-
invariance, which he had made [103, 57] (See also [104, 40]!) already 1970 in the context of the
mentioned intimately related model by Lee & Wick [49] of the same year. It consists essentially of
the observation that possible loop-diagrams containing a pair of complex ghosts φ(x) and (φ(x))+
with complex massM andM∗, respectively, which were in great detail discussed by A.M. Gleeson
et al. [97] at the end of 1970 and led there to the problem of piecewise analyticitymentioned above,
are not Lorentz-invariant.
22) This postulate leads to the absence of loops containing both kind of fields and, in turn,
requires that even asymptotic states have to be treated like complex ghosts with complex-valued
mass containing an infinitesimal imaginary part, which is quite consistent with all the features
of in- and out-states in a non-stationary description of standard Hermitian QT (HQT). Note
that asymptotic states of strictly real mass (or energy) would be a superposition of causal and
anticausal states, which would typically couple to intermediate states such that they violate our
postulate!
23) Making use of the whole complex plane we additionally have to take into account in (A)CQT
— as will be clarified in the following text — a generalized probability concept, which allows not
only real positive and negative probabilities [8], yet in general complex probabilities [105]. It is
just the privilege of causal or anticausal asymptotic in- and out-states to be characterized by
probabilities being infinitesimally close to real numbers.
24) The field rooted 1980 in the observation [110] (See also [111]!) that some part of the spectrum
of non-Hermitian Hamilton operators like H = p2+ x2 + i x3 may be real. Based on a fascinating
conjecture by D. Bessis (and J. Zinn-Justin) of 1992, that the complete spectrum of this Hamilton
operator is real and positive, C.M. Bender and S. Boettcher [107] (See also [112]!) suggested in 1997
that a whole class of such Hamilton operators possess this feature due to their antiunitary [113]
PT-symmetry. These developments were accompanied by related investigations in the context of
(anharmonic) quartic oscillators (See e.g. [114, 115]). A review provided in 2001 by M. Znojil
as a preprint math-ph/0104012 (unfortunately published very delayed in 2004 [108]) containing
a lot of important references to related work showed that the new research field had again, yet
7
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model the researchers investigating PT-symmetric QT will have to answer the same
questions as were raised in the context of the Lee-model, i.e. the questions about
unitarity, analyticity, Poincare´-covariance, causality, locality in time-dependent PT-
symmetric scattering problems. Like in the foregoing discussion the solution to the
questions is provided in terms of (A)CQT, the spacial representation of which is
shown below to correspond to the holomorphic representation in complex analysis,
while PT-symmetric QT appears just a subset of (non-Hermitian) (A)CQT.
2 (Anti)Causal Quantum Field Theory
2.1 (Anti)Causal Klein-Gordon Theory: the Nakanishi Model of 1972
As mentioned above, N. Nakanishi [57, 40] investigated in 1972 a Lagrangean (See
also [58, 49]!) for a KG field φ(x) with complex mass M := m − i2 Γ (and the
Hermitian conjugate field φ+(x))25). Here we want to introduce immediately isospin
and to consider a set of N equal complex mass KG fields φr(x) (r = 1, . . . , N) (i.e.
a charged “Nakanishi field” with isospin N−12 ) described by the Larangean
L(x) =
∑
r
{
1
2
(
(∂φr(x))
2 −M2 φr(x)2
)
+
1
2
(
(∂φ+r (x))
2 −M∗ 2 φ+r (x)2
)}
. (1)
The Lagrange equations of motion for the causal and anticausal “Nakanishi field”
φr(x) and φ
+
r (x), i.e. ( ∂
2 +M2)φr(x) = 0 and ( ∂
2 +M∗ 2)φ+r (x) = 0, are solved
by a Laplace-transform. The result is:
φr(x) =
∫
d3p
(2π)3 2ω (~p )
[
a (~p, r) e− ipx + c+(~p, r) eipx
]∣∣∣
p0=ω(~p )
,
φ+r (x) =
∫
d3p
(2π)32ω∗(~p )
[
c(~p, r) e−ip∗x + a+(~p, r) eip∗x
]∣∣∣
p0=ω(~p)
, (2)
where we defined a(~p ) := a(p)|p0=ω(~p ) and c+(~p ) := a(−p)|p0=ω(~p ) on the basis of
the complex “frequency” ω(~p) :=
√
~p 2 +M 2 (ω(~0) :=M) 26). The theory is quan-
independently reached a similar level of understanding as the disciples of the Lee-model around
1970, who were fascinated by imaginary bare couplings required to obtain real couplings in the
renormalized Hamilton operator of the Lee-model. In [108] one does not only find discussed the
concept of pseudo-Hermiticity, pseudo-unitarity and indefinite metric (i.e. P ). It is also explained
under the headline Spontaneous Broken PT Symmetry the situation, when the Hamilton operator
develops complex ghosts, i.e. pairs of mutually complex conjugate complex-valued eigenvalues
associated to a biorthogonal eigenbasis of states. Meanwhile there appeared several important new
contributions to the field, the enumeration of which would go far beyond the scope of this work. We
just want selectively refer here to contributions e.g. to the formalism of pseudo-Hermiticity (e.g.
[54, 116, 117] and references therein), spontaneous breakdown of PT-symmetry (e.g. [118, 119,
120]), PT-symmetric potentials (e.g. [121]), PT-symmetric matrix models [122, 123, 124, 125],
reality proofs for spectra of PT-symmetric Hamilton operators (e.g. [126, 127]), the C- and CPT-
operator in PT-symmetric QM (e.g. [124, 122, 125, 128, 129]), PT-symmetric supersymmetry (e.g.
[129, 130, 131, 120]), and generalized creation/annihilation operators (e.g. [130, 132]).
25) The formalismwas1999-2000 independently rederived by the author (see e.g. [17, 18, 19]).
26) To obtain this result we had to use a delta-distribution “δ(p2 −M2)” for complex arguments
which has been illuminated by N. Nakanishi [133, 40]. Nowadays it may be embedded in the
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tized by claiming Canonical equal-real-time commutation relations 27). The non-
vanishing commutation relations in configuration space are (with r, s = 1, . . . , N)
[φr(~x, t),Πs(~y, t) ] = i δ
3(~x− ~y ) δrs and [φ+r (~x, t),Π+s (~y, t) ] = i δ 3(~x− ~y ) δrs. The
resulting non-vanishing momentum-space commutation relations, which display an
indefinite metric28), are (r, s = 1, . . . , N):
[ a (~p, r) , c+(~p ′, s) ] = (2π)3 2 ω (~p ) δ 3(~p− ~p ′ ) δrs ,
[ c (~p, r) , a+(~p ′, s) ] = (2π)3 2 ω∗(~p ) δ 3(~p− ~p ′ ) δrs . (3)
The Hamilton operator is derived by a standard Legendre transform [16, 19]:
H =
∑
r
∫
d3p
(2π)3 2ω (~p )
1
2
ω (~p )
(
c+(~p, r) a(~p, r) + a (~p, r) c+(~p, r)
)
+
∑
r
∫
d3p
(2π)3 2ω∗(~p )
1
2
ω∗(~p )
(
a+(~p, r) c (~p, r) + c (~p, r) a+(~p, r)
)
. (4)
The “Nakanishi-KG propagator” i∆N (x − y) is obtained by real-time ordering of
causal KG fields [57, 19, 135], i.e. i∆N (x− y) δrs ≡ 〈〈0| T [φr (x)φs (y) ] |0〉 29).
3 Lorentz Transformations in (Anti)Causal Quantum Theory
A Lorentz transformation Λµν for a given (symmetric) metric gµν is defined
by Λµρ gµν Λ
ν
σ = gρσ. Let n
µ be a timelike unit 4-vector (n2 = 1) and ξµ
an arbitrary complex 4-vector with ξ2 6= 0. We want to construct [17, 18, 19]
a Lorentz transformation Λµν(ξ/
√
ξ2 , n)↑ relating the 4-vector ξµ with its “rest-
frame”, i.e. ξ µ = Λµν(ξ/
√
ξ2 , n)↑ n ν
√
ξ2 and n ν
√
ξ2 = ξµ Λ
µ
ν(ξ/
√
ξ2 , n)↑. The
independent quantity Λµν(ξ/
√
ξ2 , n)↓ ≡ −Λµν(−ξ/
√
ξ2 , n)↑ being also a Lorentz
transformation is simultaneously admissible, as ξ µ = Λµν(ξ/
√
ξ2 , n)↓ n ν
√
ξ2 and
n ν
√
ξ2 = ξµ Λ
µ
ν(ξ/
√
ξ2 , n)↓. In a first step we define now the inversion ma-
trix P µν := 2n
µ n ν − g µν . Then we note: if there is a solution Λµν(ξ/
√
ξ2 , n)↑
(Λµν(ξ/
√
ξ2 , n)↓) of the defining equation Λµρ gµν Λ
ν
σ = gρσ relating the 4-vector
ξµ with its “restframe”, then Λµβ(ξ/
√
ξ2 , n)↑P βν (Λ
µ
β(ξ/
√
ξ2 , n)↓P βν) will be also
a such a solution, respectively. Keeping these remaining solutions in mind we find
framework of (tempered) Ultradistributions [134].
27) The standard Canonical conjugate momenta to the (anti)causal fields φr(x) and φ
+
r (x) are
given by Πr(x) := δL0(x)/δ(∂0 φr(x)) = ∂0 φr(x) and Π+r (x) := δ L0(x)/δ(∂0 φ+r (x)) = ∂0 φ+r (x).
28) An indefinite metric should not surprise, as the space-time metric is (+,−,−,−)!
29) Explicitly we obtain: i∆N (x − y) !=
∫
d 4p
(2π)4
e− i p(x−y) i
p2−M2 . The anticausal “Nakanishi-
KG propagator” is obtained by Hermitian conjugation or by a vacuum expectation value of an
anti-real-time ordered product of two anticausal fields. For intermediate states with complex mass
these propagators lead to Poincare´ covariant results, if causal and anticausal states do not interact.
At each interaction vertex coupling to intermediate complex mass fields there holds exact 4-
momentum conservation. Only if complex mass fields with finite Γ appeared as asymptotic states
or causal and anticausal states could interact, then Poincare´ covariance would be violated!
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— after employing some general ansatz for Λµν(ξ/
√
ξ2 , n) — four independent so-
lutions Λµν(ξ/
√
ξ2 , n) ↑± and Λ
µ
ν(ξ/
√
ξ2 , n) ↓± being related by Λ
µ
ν(ξ/
√
ξ2 , n) ↑± ≡
−Λµν(−ξ/
√
ξ2 , n) ↓±, which solve the defining equation Λ
µ
ρ gµν Λ
ν
σ = gρσ and
relate the 4-vector ξµ with its “restframe”30). Λµν(ξ/
√
ξ2 , n) ↑+, Λ
µ
ν(ξ/
√
ξ2 , n) ↑−,
Λµν(ξ/
√
ξ2 , n) ↓+ and Λ
µ
ν(ξ/
√
ξ2 , n) ↓− represent the well known orthochronous-
proper, orthochronous-improper, nonorthochronous-proper, and nonorthochronous-
improper Lorentz transformations, respectively 31)! Orthochronous-proper Lorentz
transformations respect Λµα(n
′′, n′) ↑+Λ
α
ν(n
′, n) ↑+ = Λ
µ
ν(n
′′, n) ↑+ for n
2 = n′2 =
n′′2 = 1. In the following text we use the abbreviation Λµν(ξ) ≡ Λµν(ξ/
√
ξ2 , n) ↑+. To
obtain Lorentz-boost matrices for a particle with complexmassM and 3-momentum
~p being on its complex mass-shell p2 =M2, we simply have to set ξµ = (ω(~p ), ~p )µ
and to remember, that we live in a world with a metric +,−,−,− 32).
4 The (Anti)Causal Dirac Theory: the Lee-Wick Model of 1970
The causal Dirac equation and its relatives obtained by Hermitian conjuga-
tion/transposition are [17, 18, 20, 21, 22] (i
→
∂/ −M) ψr(x) = 0, (i
→
∂/ − M¯) ψcr(x) =
0, ψcr(x) (− i
←
∂/ −M) = 0, and ψ¯r(x) (− i
←
∂/ − M¯) = 0 (with M := m − i2 Γ and
M¯ := γ0M
+γ0). Note that r = 1, . . . , N is an isospin index and ψr(x), ψ¯r(x),
ψcr(x) = C γ0 ψ
∗
r (x), ψ
c
r(x) = ψ
T
r (x)C are Grassmann fields. The underlying La-
grangean is given by [17, 18, 20, 21, 22] (see also [49]) (N = 1 yields neutrinos!)33)
L(x) =
∑
r
1
2
(
ψcr(x) (
1
2
i
↔
∂/ −M)ψr(x) + ψ¯r(x) (1
2
i
↔
∂/ −M¯)ψcr(x)
)
. (5)
30) Explicitly we find: Λµν(ξ/
√
ξ2 , n) ↑± = ∓
{
g µρ −
√
ξ2√
ξ2±ξ·n
[
n µ ± ξ µ√
ξ2
][
n ρ ± ξ ρ√
ξ2
]}
P ρν .
31) Note that Λµν(n, n)
↑
+ = −Λµν(−n, n) ↓+ = gµν , Λµν(n, n) ↑− = −Λµν(−n, n) ↓− = P µν , and
P µα Λ
α
β(n
′, n) ↑± P
β
ν = Λ
µ
ν(P n
′, n) ↑±, P
µ
α Λ
α
β(n
′, n) ↓± P
β
ν = Λ
µ
ν(P n
′, n) ↓± for n
′ = ξ/
√
ξ2.
32) As argued in the context of the Nakanishi-KG propagator (A)CQT is Poincare´ invariant even
for intermediate complex-mass states with finite Γ, if the imaginary part of the complex masses of
particles appearing as asymptotic states are infinitesimally close to zero and causal and anticausal
states do not interact. In (A)CQT causal states are Lorentz transformed by Λµν(p/(p
2)1/2 , n) ↑+,
while anticausal states are Lorentz transformed by (Λµν(p/(p
2)1/2 , n) ↑+)
∗. Hence, in (A)CQT
states are — against our original expectations [15, 16] —- not representations of the covering
group of the complex Lorentz group L+(C) (or, more generally, the covering group of the respective
Poincare´ group) [136, 137] which links continuously Λµν(p/(p
2)1/2 , n) ↑+ (containing the unitity
gµν) and Λ
µ
ν(p/(p
2)1/2 , n) ↓+ (containing the PT-transformation − gµν).
33) In (A)CQT antiparticles are isospin partners of particles. Charged pions (π+, π−) are e.g.
represented by the isospin combination π±(x) = (π1(x)±i π2(x))/
√
2, while the positron (e+) and
electron (e−) are represented by e±(x) = (e1(x) ± i e2(x))/
√
2. π1(x), π2(x) or e1(x), e2(x) are
non-Hermitian fields describing, respectively, pairs of causal neutral particles with equal complex
mass. This holds for Bosons and Fermions. It leads — like in the Bosonic case — to the fact that
the anti-Fermions have the same intrinsic parity as the Fermions, contrary to the conclusions of
V.B. Berestetskii obtained in HQT and mentioned in the introduction. In spite of this feature
(A)CQT reproduces exactly the high precision results of QED.
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4-spinors u(p, s) ≡ v(−p, s) in complex 4-momentum space (s = ± 12 ) are introduced
by the defining equation ( p/−
√
p2 ) u(p, s) = 0 ⇔ uc(p, s) (− p/−
√
p2 ) = 0. The
spinors are normalized according to sgn[Re(p0) ]
∑
s u(p, s) v
c(p, s) = p/+
√
p2 for
Re[p0] 6= 0. Equations of motions are solved by a Laplace-transformation 34). Note
that the spinors obey the analyticity property uc(p, s) = u(− p∗, s) = v(p∗, s).
The (anti)causal Dirac equation is Lorentz covariant due to standard transfor-
mation properties of spinors and γ-matrices, i.e. u(p) = S(Λ(p)) u(
√
p2 n) and
S−1(Λ(p)) γ µ S(Λ(p)) = Λµν(p) γ
ν . The causal “Nakanishi-Dirac propagator”
i SN(x−y)αβ of a spin 1/2 Fermion is obtained by standard Fermionic real-time or-
dering of causal Dirac fields, i.e. i SN(x−y)αβδrs ≡ 〈〈0| T [ (ψr(x))α(ψcs(y))β ] |0〉 35).
5 (Anti)Causal Massive and “Massless” Vector Fields
With 36) ~e (i) (i = x, y, z) and ~e (i) · ~e (j) = δij we define the polarization
vectors εµ (i)(p) := Λµν(p) ε
ν (i)(
√
p2,~0) = Λµν(p) (0, ~e
(i)) ν . In the chosen unitary
gauge they obey pµ ε
(i)
µ (p) = 0, εµ (i)(p) ε
(j)
µ (p) = − δij , and
∑
i ε
µ (i)(p) ε ν (i)(p) =
−g µν + pµ pνp2 . Based on these polarization vectors the Bosonic field operators for
causal vector fields V µr (x) (r = 1, . . . , N = isospin index) and anticausal vector
fields (V µr (x))
+ are — as the Nakanishi-KG field — introduced by (V µr (x))
+ =
V µr (x) =
∑
j
∫
d3p
(2π)3 2ω(~p ) ε
µ (j)(p) [ e− i p·x ar(p, j) + e
+ i p·x ar(− p, j)]
∣∣∣
p0=ω(~p )
.
34) With br(−p, s) ≡ d+r (p, s), br(~p, s) ≡ br(p, s)|p0=ω(~p ), d+r (~p, s) ≡ d+r (p, s)|p0=ω(~p ) we obtain:
ψr(x) =
∑
s
∫
d3p
(2π)3 2ω(~p )
[ e− i p·x b r(p, s)u(p, s) + e+ i p·xd+r (p, s) v(p, s) ]
∣∣
p0=ω(~p )
,
ψcr(x) =
∑
s
∫
d3p
(2π)3 2ω∗(~p )
[ e+ i p
∗·xb+r (p, s)u
c(p, s) + e− i p
∗·xd r(p, s) vc(p, s) ]
∣∣
p0=ω(~p )
,
ψr(x) =
∑
s
∫
d3p
(2π)3 2ω∗(~p )
[ e+i p
∗·x b+r (p, s) u¯(p, s) + e
− i p∗·xd r(p, s) v¯(p, s) ]
∣∣
p0=ω(~p )
,
ψcr(x) =
∑
s
∫
d3p
(2π)3 2ω(~p )
[ e−i p·x b r(p, s)uc(p, s) + e+ i p·xd+r (p, s) vc(p, s) ]
∣∣
p0=ω(~p )
,
and {br(~p, s), d+r′(~p ′, s ′)}/(2ω(~p)) = {dr(~p, s), b
+
r′
(~p ′, s ′)}/(2ω∗(~p)) = (2π)3δ3(~p − ~p ′)δss′δrr′ , . . .
35) Explicitly we obtain: i SN (x− y)αβ !=
∫
d 4p
(2π)4
e−i p(x−y) i
p2−M2 (6p+M)αβ . The anticausal
“Nakanishi-Dirac propagator” is obtained by Hermitian conjugation or by a vacuum expectation
value of a anti-real-time ordered product of two anticausal Dirac fields.
36) The problem of constructing (anti)causal vector fields is twofold. First one has to be aware
that even a “massless” (anti)causal field has to be treated as if it were massive due to the at least
infinitesimal imaginary part of its complex mass. That even non-Abelian massive vector fields can
be treated consistently within QFT without relying on a Higgs mechanism has been shown by
Jun-Chen Su in a renormalizable and unitary formalism [138]. Secondly, one has to be able to
construct polarization vectors based on a boost of complex mass fields.
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6 (Anti)Causal Quantum Mechanics
6.1 “Deducing” (Anti)Causal Schro¨dinger from (Anti)Causal KG Theory
The causal KG equation (∂2 +M2)φ(x) = 0 is second order in time, which gets
transparent by factorizing the respective causal KG differential operator according
to (∂2+M2) = (i ∂t−ω(− i
→
∇))(i ∂t+ω(− i
→
∇)) 37). Inspection of the “factorized”
causal and anticausal KG equations and their adjoints 38) yields eight underlying
differential equations of first order in time:
(
i ∂t − ω(− i
→
∇)
)
φ(+)(x) = 0 ,
(
φ(+)(x)
)+ (
− i ←∂ t −ω∗(− i
←
∇)
)
= 0 ,
(
i ∂t + ω(− i
→
∇)
)
φ(−)(x) = 0 ,
(
φ(−)(x)
)+ (
− i ←∂ t +ω∗(− i
←
∇)
)
= 0 ,
φ(−)(x)
(
−i ←∂ t −ω(i
←
∇)
)
= 0 ,
(
i ∂t − ω∗(i
→
∇)
)(
φ(−)(x)
)+
= 0 ,
φ(+)(x)
(
−i ←∂ t +ω(i
←
∇)
)
= 0 ,
(
i ∂t + ω
∗(i
→
∇)
)(
φ(+)(x)
)+
= 0 . (6)
For a non-Hermitian Hamilton operatorH we can construct corresponding Schro¨din-
ger equations by replacing the spacial parts of KG differential operators by respec-
tive Hamilton operators (Replace e.g. ω(− i →∇) by H , ω(i
←
∇) by
←
H , etc.!). Hence,
the (Anti)Causal Schro¨dinger Theory is described by the following eight equations:
(i ∂t −H )
∣∣ψ(t)〉 = 0 , 〈ψ(t)∣∣ (− i ←∂ t −H+
)
= 0 ,
(i ∂t +H )
∣∣ψ˜(t)〉 = 0 , 〈ψ˜(t)∣∣ (− i ←∂ t +H+
)
= 0 ,
〈〈
ψ˜(t)
∣∣ (−i ←∂ t − ←H
)
= 0 ,
(
i ∂t −
( ←
H
)+) ∣∣ψ˜(t)〉〉 = 0 ,
〈〈
ψ(t)
∣∣ (−i ←∂ t + ←H
)
= 0 ,
(
i ∂t +
( ←
H
)+) ∣∣ψ(t)〉〉 = 0 . (7)
Causal equations (left column) are related to corresponding anticausal equations
(right column) by Hermitian conjugation. From the causal equations (left column)
we can derive the continuity equations ∂t
〈〈
ψ˜(t)
∣∣ψ(t)〉 = − i 〈〈ψ˜(t)∣∣(H − ←H )∣∣ψ(t)〉
and ∂t
〈〈
ψ(t)
∣∣ψ˜(t)〉 = + i 〈〈ψ(t)∣∣(H − ←H )∣∣ψ˜(t)〉 39). The right hand side of these
37) The same holds for the adjoint causal KG equation φ(x)(
←
∂ 2 +M2) = 0 and the respective
adjoint causal KG differential operator (
←
∂ 2 + M2) = (−i
←
∂ t −ω(i
←
∇))(−i
←
∂ t +ω(i
←
∇))
being obtained by partial integration and providing us with the left eigensolutions of the causal
KG differential operator. The anticausal KG equation (∂2 +M∗ 2)φ+(x) = 0 and the adjoint
anticausal KG equation φ+(x)(
←
∂ 2 +M∗ 2) = 0 are obtained by Hermitian conjugation from the
adjoint causal KG equation and the causal KG equation, respectively.
38) 0 =
(
i ∂t − ω(−i
→
∇)
)(
i ∂t + ω(−i
→
∇)
)
φ(x) =
(
i ∂t − ω∗(i
→
∇)
)(
i ∂t + ω∗(i
→
∇)
)
φ+(x) =
φ(x)
(
− i
←
∂ t −ω(i
←
∇)
)(
− i
←
∂ t +ω(i
←
∇)
)
= φ+(x)
(
− i
←
∂ t −ω∗(− i
←
∇)
)(
− i
←
∂ t +ω
∗(− i ←∇)
)
.
39) The respective anticausal continuity equations are obtained by Hermitian conjugation.
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equations leads for standard — even non-Hermitian — Hamilton operators being
quadratic in the momentum at most to (spacial) surface terms! The corresponding
non-vanishing — in general complex — densitities
〈〈
ψ˜(t)
∣∣ψ(t)〉 and 〈〈ψ(t)∣∣ψ˜(t)〉
being in the standard way related to — in general complex — conserved charges
may be interpreted as complex probability densities [105] which replace Born’s [139]
suggested ansatz
〈
ψ(t)
∣∣ψ(t)〉 for a real probability density. We refer here also to
other interesting attempts to change or extend Born’s scalar product, e.g. [140, 92]!
6.2 The “Representation Free” (Anti)Causal Harmonic Oscillator
The Hamilton operator of the (Anti)Causal Harmonic Oscillator in 1-dim. QM is
given in analogy to the Hamilton operator Eq. (4) of the Nakanishi model by:
H = HC +HA =
1
2
ω [c+, a ]± +
1
2
ω∗ [a+, c ]± (HA = H
+
C ) (8)
(± for Bosons/Fermions 40)) [40, 16, 18, 19, 20, 21, 22, 141].
The relevant (anti)commuation relations are:(
[c, c+]∓ [c, a
+]∓
[a, c+]∓ [a, a
+]∓
)
=
(
0 1
1 0
)
= “indefinite metric” . (9)
Of course there also holds:(
[c, c]∓ [c, a]∓
[a, c]∓ [a, a]∓
)
=
(
[c+, c+]∓ [c
+, a+]∓
[a+, c+]∓ [a
+, a+]∓
)
=
(
0 0
0 0
)
. (10)
Obviously there holds [HC , HA] = 0. One of the important problems is now to find
the right and left eigensystem of the Hamilton operator for given energy E, i.e. to
solve the following two (stationary) Schro¨dinger equations (H − E) |ψ〉 = 0 and
〈〈ψ| (H − E) = 0. The resulting (normalized) normal right eigenstates ∣∣n,m〉 and
left eigenstates
〈〈
n,m
∣∣ are given by (Bosons: n,m ∈ IN0 ; Fermions: n,m ∈ {0, 1})
∣∣n,m〉 = 1√
n!m!
(c+)n(a+)m
∣∣0〉 , 〈〈n,m∣∣ = 1√
m!n!
〈〈
0
∣∣ cm an . (11)
They are solutions of the equations (H−En,m)
∣∣n,m〉 = 0 and 〈〈n,m∣∣(H−En,m) =
0 for the eigenvalues En,m = ω(n ± 12 ) + ω∗(m ± 12 ). The eigenvalues En,n are
obviously real, while the eigenvalues Em,n and En,m form a complex conjugate
pair for n 6= m which arises typically for the case of broken “PT”-symmetry. The
(bi)orthogonal (here normal) eigenstates are complete:〈〈
n′,m′
∣∣n,m〉 = δn′n δm′m , ∑
n,m
∣∣n,m〉〈〈n,m∣∣ = 1 . (12)
We note that one can construct (e.g. [70, 16, 15, 34, 38, 50, 142]) for the (anti)causal
Harmonic Oscillator also an abnormal basis of eigenstates being complete with re-
spect to negative (complex) energy eigenvalues by applying annihilation (creation)
operators on a newly defined dual vacuum state |0¯〉 (〈〈0¯| ) annihilating creation (an-
nihilation) operators and creating annihilation (creation) operators, respectively.
40) The Fermionic case we tend to denote by H = 1
2
ω[d+, b] + 1
2
ω∗[b+, d] with { b, d+} = 1 etc. .
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6.3 The (Anti)Causal Harmonic Oscillator in Holomorphic Representation
As in the traditional formulation of QM it is now natural to look for a spacial rep-
resentation of the “representation free” oscillator introduced above. The particular
complication induced by the existence of two types of annihilation operators (a, c)
and creation operators (c+, a+) indicating a doubling of the degrees of freedom
compared to the traditional Harmonic Oscillator is overcome by replacing the orig-
inally real spacial variable x by a complex variable z and its complex conjugate z∗
41). This replacement of functions of one real argument f(x) (x ∈ IR) by respec-
tive functions f(z, z∗) of complex arguments z, z∗ ∈ C is well known and used in
complex analysis [143] under the terminology “holomorphic representation” (e.g.
[144, 145, 92]). Replacing the right and left eigenstates
∣∣x〉 and 〈x∣∣ of the position
operator by respective states in holomorphic representation
∣∣z, z∗〉 and 〈〈z, z∗∣∣, we
can — analogously to traditional QM— denote the Schro¨dinger equations and their
adjoints given e.g. in the first column of Eq. (7) in their holomorphic representation
by:
+ i ∂t
〈〈
z, z∗
∣∣ψ(t)〉 =
∫
dz′dz′∗
〈〈
z, z∗
∣∣H∣∣z′, z′∗〉〈〈z′, z′∗∣∣ψ(t)〉 ,
−i ∂t
〈〈
z, z∗
∣∣ψ˜(t)〉 =
∫
dz′dz′∗
〈〈
z, z∗
∣∣H∣∣z′, z′∗〉〈〈z′, z′∗∣∣ψ˜(t)〉 ,
−i ∂t
〈〈
ψ˜(t)
∣∣z, z∗〉 =
∫
dz′dz′∗
〈〈
ψ˜(t)
∣∣z′, z′∗〉〈〈z′, z′∗∣∣ ←H ∣∣z, z∗〉 ,
+i ∂t
〈〈
ψ(t)
∣∣z, z∗〉 =
∫
dz′dz′∗
〈〈
ψ(t)
∣∣z′, z′∗〉〈〈z′, z′∗∣∣ ←H ∣∣z, z∗〉 . (13)
The spacial integration contours
∫
dz′ dz′∗ are to be performed such that there
holds the generalized completeness relation
∫
dz dz∗
∣∣z, z∗〉〈〈z, z∗∣∣ = 1. Inversely,
by the used notation it is understood that there holds a generalized orthogonal-
ity relation
〈〈
z, z∗
∣∣z′, z′∗〉 = δ(z − z′) δ(z∗ − z′∗), in which the δ-distributions for
complex arguments are assumed to exist with respect to the chosen integration
contours mentioned above. The holomorphic representation of the (Anti)Causal
Bosonic Harmonic Oscillator with H = HC + HA =
1
2 ω{c+, a} + 12 ω∗{a+, c}
is provided by a translational invariant Hamilton operators
〈〈
z, z∗
∣∣H∣∣z′, z′∗〉 =
H(z, z∗)
〈〈
z, z∗
∣∣z′, z′∗〉 = (HC(z) +HA(z∗)) 〈〈z, z∗∣∣z′, z′∗〉 and 〈〈z′, z′∗∣∣←H ∣∣z, z∗〉 =〈〈
z′, z′∗
∣∣z, z∗〉 ←H (z, z∗) = 〈〈z′, z′∗∣∣z, z∗〉 ( ←HC (z)+ ←HA (z∗)) with
H(z, z∗) = − 1
2M
d2
dz2
+
1
2
M ω2 z2 − 1
2M∗
d2
dz∗2
+
1
2
M∗ ω∗2 z∗2 ,
←
H (z, z
∗) = − 1
2M
←
d2
dz2
+
1
2
M ω2 z2 − 1
2M∗
←
d2
dz∗2
+
1
2
M∗ ω∗2 z∗2 . (14)
Momentum operators p and p∗ are introduced by p = −i d/dz and p∗ = −i d/dz∗.
Obviously there holds the following correspondence between annihilation/creation
41) M. Znojil [108] achieves a complexification of a real coordinate x by an overall shift x→ x−iδ.
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operators in the representation free case and in the holomorphic representation:
c+ ↔ 1√
2M ω
(p+ iM ω z) , c ↔ 1√
2M∗ ω∗
(p∗ − iM∗ ω∗ z∗) ,
a ↔ 1√
2M ω
(p− iM ω z) , a+ ↔ 1√
2M∗ ω∗
(p∗ + iM∗ ω∗ z∗) . (15)
The inverse correspondence is:
z ↔ i√
2M ω
(a− c+) , p = − i d
dz
↔
√
M ω
2
(a+ c+) ,
z∗ ↔ i√
2M∗ ω∗
(c− a+) , p∗ = − i d
dz∗
↔
√
M∗ ω∗
2
(c+ a+) . (16)
By this correspondence it is straight forward to construct the normal eigensolutions
of the stationary Schro¨dinger equations H(z, z∗)
〈〈
z, z∗
∣∣n,m〉 = En,m 〈〈z, z∗∣∣n,m〉
and
〈〈
n,m
∣∣z, z∗〉 ←H (z, z∗) = En,m 〈〈n,m∣∣z, z∗〉 of the (Anti)Causal Bosonic Har-
monic Oscillator in holomorphic representation. They are given by:
〈〈
z, z∗
∣∣n,m〉 = 1√
n!m!
〈〈
z, z∗
∣∣(c+)n(a+)m∣∣0〉
= in+m
√
|Mω|
2n+m n!m!π
exp
(
− 1
2
(ξ2 + ξ∗ 2 )
)
Hn(ξ)Hm(ξ
∗) ,
〈〈
n,m
∣∣z, z∗〉 = 1√
m!n!
〈〈
0
∣∣ cm an∣∣z, z∗〉
= (−i)m+n
√
|Mω|
2m+nm!n!π
exp
(
− 1
2
(ξ∗ 2 + ξ2 )
)
Hm(ξ
∗)Hn(ξ) , (17)
with ξ = z
√
M ω and ξ∗ = z∗
√
M∗ ω∗. The inverse oscillator length
√
M ω is here
complex valued 42) 43).
6.4 Space-Reflection and Time-Reversal in (Anti)Causal Quantum Theory
Based on the previous considerations it is now straight forward to introduce op-
erations P , T , T , PT , and PT involving reflections of space and/or time, whose
effect on z, p, z∗, p∗, a, c, a+, c+, and the imaginary unit i =
√−1 is specified
42) The Hermite polynomials Hn(ξ) and Hm(ξ∗) are defined by:
Hn(ξ) = e
ξ2/2
(
ξ − d
dξ
)n
e− ξ
2/2 , Hm(ξ
∗) = e ξ
∗ 2/2
(
ξ∗ − d
dξ∗
)m
e− ξ
∗ 2/2 . (18)
43) Note that (anti)causal orthonormality relations
∫
dξ exp(−ξ2)Hn(ξ)Hm(ξ) = 2nn!√π δnm
and
∫
dξ∗ exp(−ξ∗2)Hn(ξ∗)Hm(ξ∗) = 2nn!√π δnm are quite different from the ones of Glauber
coherent states [146, 144]:
∫
dξ dξ∗ exp(−|ξ|2)ψ∗n(ξ)ψm(ξ∗)/(2πi) = δnm with ψn(ξ) = ξn/
√
n!.
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Table 1. Effect of the operations P , T , T , PT , and PT within Bosonic systems.
P T T PT PT
z −z +z +z∗ −z −z∗
p −p −p +p∗ +p −p∗
z∗ −z∗ +z∗ +z −z∗ −z
p∗ −p∗ −p∗ +p +p∗ −p
a −a −c+ +a+ +c+ −a+
c −c −a+ +c+ +a+ −c+
a+ −a+ −c +a +c −a
c+ −c+ −a +c +a −c
+i +i +i −i +i −i
in Table 1 44). The time-reversal operation is not unique within (Anti)Causal QM.
In Table 1 we suggest — within the framework of a Bosonic system — two im-
portant time-reversal operations T and T 45). As shown in Table 1 it is straight
forward to construct from the two suggested time-reversal operations two distinct
“PT”-transformations, i.e. PT and PT . Everybody talking about “PT”-symmetry
should be well aware which of the two operations he/she is addressing! We ob-
serve also that the Hamilton operator of the Bosonic 1-dimensional (Anti)Cau-sal
Harmonic Oscillator remains invariant under all introduced transformations, i.e.
HP = HT = HT = HPT = HPT = H 46) 47). The causal (anticausal) part
44) According to Table 1 the standard space reflection P transforms the holomorphic coordinates
z and z∗ and the respective momenta p and p∗ in the following way: z
P→ − z, p P→ − p, z∗ P→ − z∗,
p∗ P→ − p∗. These operations result in a transformation of Bosonic annihilation and creation
operators according to the rules a
P→ −a, c P→ − c, a+ P→ −a+, c+ P→ − c+, while the imaginary
unit i =
√−1 remains invariant (+i P→ +i ).
45) The time-reversal operation T is supposed to exchange in- and out-states, while the anti-linear
operation T is — even for Fermionic systems — to be identified as usual with the Hermitian conju-
gation, which changes causal systems into anticausal systems, and anticausal systems into causal
systems. Amusingly, the author of [9] working within a Hermitian framework comes to the oppo-
site conclusion, i.e. that the anti-unitary time-reversal interchanges initial and final states, while
the unitary time-reversal does not. The existence of two distinct time-reversal operations explains
nicely, why the TCP-operations in “Schwinger-Pauli convention” and “Wightman convention”
yield different results (see e.g. appendix A.5. in [23]!). It is tempting to define the time-reversal
operation T for Fermionic systems like in the case of Bosonic systems. Yet — to our understand-
ing — one should additionally take into account the anticommutation properties of Fermionic
operators, when interchanging initial and final states.
46) As the T -transformation is just the Hermitian conjugation, the T -transformation symmetry
of the Hamilton operator reflects just the Hermiticity of the overall Hamilton operator. Yet,
as already mentioned above, the Hamilton operator should be more accurately called pseudo-
Hermitian, rather than Hermitian, as the commutation relations of the respective creation and
annihilation operators are governed by an indefinite metric.
47) Note that up to now we considered only Hamilton operators H = HC + HA (and respec-
tive Lagrangeans) with HC = H
+
A . In this case there appear only real energy eigenvalues and
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of the Hamilton operator HC (HA) of the Bosonic 1-dimensional (Anti)Causal
Harmonic Oscillator are only invariant under P -, T -, and PT -transformations
(HPC = H
T
C = H
PT
C = HC , H
P
A = H
T
A = H
PT
A = HA), while they are not invariant
under T -/PT -transformations (HTC 6= HC , HPTC 6= HC , HTA 6= HA, HPTA 6= HA).
7 Some General Aspects of (Anti)Causal Quantum Theory
7.1 Analyticity and the Hermiticity Content of (A)CQT
As we mentioned in the introduction (A)CQT has to obey the postulate of non-
interaction of (non-Hermitian) causal and anticausal degrees of freedom to avoid
analyticity violations. This postulate defines a rather tricky interplay between the
underlying Hermitian degrees of freedom, which we shall here call shadow fields
according to H.P. Stapp [57, 147] 48). We want to illustrate this decomposition into
Hermitian shadow fields for the Lagrangeans of the free (anti)causal KG and Dirac
theory and — for convenience — for the Hamilton operators of the 1-dimensional
(anti)causal Bosonic and Fermionic Harmonic Oscillator, i.e. respectively for:
L(x) = 1
2
(
(∂ φ(x))2 − M2 (φ(x))2
)
+
1
2
(
(∂ φ+(x))2 − M∗ 2 (φ+(x))2
)
,
L(x) = 1
2
(
ψc(x) (
1
2
i
↔
∂/ −M)ψ(x) + ψ¯(x) (1
2
i
↔
∂/ −M¯)ψc(x)
)
,
H =
1
2
ω {c+, a }+ 1
2
ω∗ {a+, c } , H = 1
2
ω [ d+, b ] +
1
2
ω∗ [ b+, d ] . (19)
φ(x), φ+(x), ψ(x), ψc(x) are decomposed in Hermitian shadow fields φ(1)(x), φ(2)(x),
ψ(1)(x), ψ(2)(x) by φ(x) = (φ(1)(x)+i φ(2)(x))/
√
2, φ+(x) = (φ(1)(x)−i φ(2)(x))/
√
2,
and ψ(x) = (ψ(1)(x) + i ψ(2)(x))/
√
2, ψc(x) = (ψ(1)(x) − i ψ(2)(x))/
√
2, while the
respective replacement rules for the Bosonic/Fermionic Harmonic Oscillator are
listed in Eq. (34). As a result of the replacements we obtain:
L(x) = 1
2
(
(∂φ(1)(x))
2 − Re[M2](φ(1)(x))2
)
− 1
2
(
(∂φ(2)(x))
2 − Re[M2](φ(2)(x))2
)
+ Im[M2] φ(1)(x)φ(2)(x) ,
L(x) = 1
2
ψ(1)(x)
(1
2
i
↔
6∂ −Re[M ]
)
ψ(1)(x)−
1
2
ψ(2)(x)
(1
2
i
↔
6∂ −Re[M ]
)
ψ(2)(x)
+
1
2
Im[M ]
(
ψ(2)(x) ψ(1)(x) + ψ(1)(x) ψ(2)(x)
)
,
complex-valued mutually complex-conjugate pairs of energy eigenvalues. This is what we observe
traditionally for PT-symmetric Hamilton operators in the phase of PT-symmetry or spontaneously
broken PT-symmetry. Yet NHQT allows also models for which HC 6= H+A . Then we are in an
interesting domain, where complex energy eigenvalues do not necessarily appear as complex con-
jugate pairs, while analyticity, causality, Poincare´-invariance & locality still persists, if there is at
least one eigenstate serving as an asymptotic state. We shall devote future work to such models.
48) Note that E.C.G. Sudarshan [98] used the term “shadow state” differently for states being
“. . . relevant for the dynamical description but do not contribute to probability . . .” !
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H =
1
2
Re[ω]
(
{a+
(1)
, a
(1)
} − {a+
(2)
, a
(2)
}
)
− Im[ω] (a+
(1)
a
(2)
+ a+
(2)
a
(1)
)
,
H =
1
2
Re[ω]
(
[ b+
(1)
, b
(1)
]− [ b+
(2)
, b
(2)
]
)
− Im[ω] ( b+
(1)
b
(2)
+ b+
(2)
b
(1)
)
. (20)
First we observe that in all cases one shadow field has positive norm, the other
has negative norm displaying the underlying indefinite metric 49). Secondly we
recall that shadow fields are not described by causal or anticausal propagators,
but by acausal linear combinations which reduce for quasi-real masses to princi-
pal value propagators or δ-distributions. Finally we see that in all cases the La-
grangeans/Hamilton operators are not diagonal in the shadow fields, while the
interaction terms are proportional to the imaginary part of M2, M or ω being
necessary to make the theory (anti)causal and analytic 50).
According to M. Znojil [108] PT-symmetric QT is characterized by quasi-parities
Qℓ = ±1, while Qℓ is introduced by the orthogonality and completeness rela-
tions Qℓ 〈ψℓ|H |ψℓ′〉 = δℓℓ′ and
∑
ℓ |ψℓ〉Qℓ 〈ψℓ| = 1 on the right eigenstates of
the Hamilton operator (See also [117]!). By decomposing the eigenstates |n,m >
of the (anti)causal Bosonic Harmonic oscillator given in Eq. (11) into Hermitian
shadow states we observe that in (A)CQT the quasi-parity in the space of shadow
states can take the values ±1 and ±i. Hence, (A)CQT appears here clearly as a
more general framework than PT-symmetric QT.
7.2 Some Conservation Laws in (A)CQT
For complex mass fields several important continuity equations do not hold in their
traditional form 51). Fortunately there can be derived [16, 17] (See also Section 6.1!)
new exact conservation laws respected even by fields of arbitrary complex mass.
Norm or probability conservation in (A)CQT:
(Anti)causal KG/Dirac fields are decomposed into positive/negative complex
frequency parts (i.e. φ(x) = φ(+)(x)+φ(−)(x), ψ(x) = ψ(+)(x)+ψ(−)(x)). Subtrac-
tion of equations of motion for φ(±)(x), ψ(±), ψ(x) and respective adjoints yields for
49) The normal and abnormal shadow fields appearing in (A)CQT correspond nicely to the
normal and abnormal states discovered by W. Pauli [26] in the Lee-model.
50) If one would remove the interaction terms, one would introduce interactions between causal
and anticausal fields (e.g. φ(x)φ+(x) in the KG theory, or zz∗ in the holomorphic representation
of the Bosonic Harmonic Oscillator) leading not only to a violation of causality, yet also —
as described in the introduction in the context of the Lorentz non-invariance of N. Nakanishi’s
Complex-Ghost Relativistic Field Theory — to the loss of analyticity and Lorentz covariance.
51) The standard continuity-like equations for the KG, Dirac and Schro¨dinger theory for a causal
field with an infinitesimal negative imaginary part in the mass, i.e. M = m − i
2
Γ ≃ −i ε, are
∂µ[φ+(x) ∂µφ(x)−φ(x) ∂µφ+(x) ] = 2 i ε φ+(x)φ(x), ∂µ[ i ψ¯(x) γµ ψ(x) ] = − 2 i ε ψ¯(x)ψ(x), and
i∂t [ψ+(x)ψ(x) ] +
1
2m
→
∇ · [ψ+(x)
→
∇ ψ(x) − ψ(x)
→
∇ ψ+(x) ] = ψ+(x) [ V (x) − V +(x) ]ψ(x) −
i ε
2m
[ψ+(x)
→
∇ 2 ψ(x) + ψ(x)
→
∇ 2 ψ+(x) ], respectively. Note that all these currents are not con-
served due to the finite imaginary part of the mass (here −ε) or non-Hermitian causal potentials
V (x) being Laplace-transforms of causal propagators! The breakdown of the traditional proba-
bility concept of Max Born was sketched already in Section 6.1. Note that even the “massless”
causal Dirac equation (i 6∂ + i ε)ψ(x) = 0 is not chiral invariant (See the discussion in [16, 17]!)!
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the KG, Dirac and Schro¨dinger theory continuity equations ∂µ[φ
(∓)(x) ∂µφ(±)(x)−
(∂µφ(∓)(x))φ(±)(x) ] = 0, ∂µ[ i ψ(∓)c(x) γ
µ ψ(±)(x) ] = 0, and i ∂t [ ψ˜(x)ψ(x) ] +
1
2M
→
∇· [ ψ˜(x)
→
∇ ψ(x)− (
→
∇ ψ˜(x))ψ(x)] = 0, respectively. Note that all currents are
conserved and in general non-zero, even for the neutral KG field! We conclude that
the Schro¨dinger norm is
∫
d3x ψ˜(x)ψ(x), and not
∫
d3x |ψ(x)|2 !
Charge conservation in (A)CQT:
Simply charged (anti)causal systems are introduced according to the isospin
concept. We define for the KG theory φ±(x) :=
(
φ1(x) ± i φ2(x)
)
/
√
2, for the
Dirac theory ψ±(x) :=
(
ψ1(x) ± i ψ2(x)
)
/
√
2, and for the Schro¨dinger theory
ψ±(x) :=
(
ψ1(x)± i ψ2(x)
)
/
√
2 and ψ˜±(x) :=
(
ψ˜1(x)± i ψ˜2(x)
)
/
√
2. Subtraction of
causal equations of motion and the respective adjoints for these fields leads for the
KG, Dirac and Schro¨dinger theory to the (charge conserving) continuity equations
∂µ[φ∓(x) ∂
µφ±(x) − (∂µφ∓(x))φ±(x) ] = 0, ∂µ[ i ψ c∓(x) γµ ψ±(x) ] = 0, and
i∂t [ ψ˜∓(x)ψ±(x) ] +
1
2M
→
∇· [ ψ˜∓(x)
→
∇ ψ±(x)− (
→
∇ ψ˜∓(x))ψ±(x) ] = 0, respectively
52). The concept of local (non)Abelian gauge invariance in (A)CQT is sketched in
the footnote 53).
7.3 Conjugate T -Matrix T fi, Dual Vacuum, Complex Transition Probabilities
and Complex (Anti)Causal Cross Sections
As |ψ(x)|2 is not a probability density in (anti)causal Schro¨dinger theory [17], |Tfi|2
is not to be interpreted as a transition probability in (anti)causal scattering theory!
In (anti)causal scattering theory we have instead to consider a quantity T fi Tfi,
where T fi (6= T+fi) is called the conjugate T -matrix. The construction of T fi has
been addressed in [16, 15]. First we denote the causal T -matrix Tfi in the interaction
picture:
(2π)4 δ4(Pf − Pi) i Tfi =
= 〈〈0| A(~p ′Nf ) . . .A(~p ′1) T [ exp(+ i Sint)− 1 ] (C(~p 1))+ . . . (C(~pNi))+ |0〉c
≡ 〈〈ψf | T [ exp(i Sint)− 1 ] |ψi〉 (21)
52) Note that currents and charges vanish for neutral KG and Dirac fields (The neutral theory
follows by setting either φ1(x) (ψ1(x), ψ˜1(x)) or φ2(x) (ψ2(x), ψ˜2(x)) equal to zero!). The reason
is a cancellation of underlying norm currents! In Schro¨dinger theory being just a theory first order
in time this cancellation does not occur. Note that the neutral Dirac field does not admit any
Abelian gauge couplings due to transposition properties [ψ c(x) 6A(x)ψ(x) ]T =−ψ c(x) 6A(x)ψ(x),
[ψ c(x) σµν Fµν(x)ψ(x) ]T = −ψ c(x)σµν Fµν(x)ψ(x).
53) The Dirac Lagrangean with minimally coupled (non)Abelian gauge fields is given by the
expression L(x) = ψc+(x) ( 12 i
↔
6∂ +g 6A(x) −M)ψ−(x) + ψ−(x) ( 12 i
↔
6∂ +g∗γ µA+µ (x) − M¯)ψc+(x)
(with ψ±(x) := (ψ1(x) ± iψ2(x))/
√
2). It is invariant under the local gauge transformations
g 6A ′ = g 6A + [ 6∂,Λ(x)], ψ ′−(x) = exp(+iΛ(x))ψ−(x), and ψ ′+(x) = exp(−i (Λ(x))T )ψ+(x). The
non-Abelian yields Aµ(x) = Aaµ(x)λ
a/2 and Λ(x) = Λa(x)λa/2. Non-Abelian gauge fields admit
minimal coupling even to neutral Fermions, if [Aµ(x)]T = −Aµ(x), as [ψ c(x) 6A(x)ψ(x) ]T =
+ψ c(x) 6A(x)ψ(x) and [ψ c(x)σµν Fµν(x)ψ(x) ]T = +ψ c(x) σµν Fµν(x)ψ(x).
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with A(~p ′j ) ∈ {a(~p ′j ), b(~p ′j )} and C(~pj) ∈ {c(~pj), d(~pj)}. Call NF the overall number
of Fermionic operators in the intitial and final state. Then we obtain for T fi:
(2π)4 δ4(Pf − Pi) (−i) T if =
= 〈〈0¯|
(
A(~pNi) . . .A(~p 1) T [ exp(− i Sint)− 1 ] (C(~p ′1))+ . . . (C(~p ′Nf ))+
)T
|0¯〉c
!
= (−1)NF (NF−1)/2 ×
×〈〈0¯| (C(~p ′Nf ))+ . . . (C(~p ′1))+
(
T [ exp(− i Sint)− 1 ]
)T
A(~p 1) . . .A(~pNi) |0¯〉c
= (−1)NF (NF−1)/2 ×
×〈〈0¯| (C(~p ′Nf ))+ . . . (C(~p ′1))+ T [ exp(− i S Tint)− 1 ] A(~p 1) . . .A(~pNi) |0¯〉c
!
= (−1)NF (NF−1)/2 ×
×〈〈0¯| (C(~p ′Nf ))+ . . . (C(~p ′1))+ T [ exp(− i Sint)− 1 ]A(~p 1) . . .A(~pNi) |0¯〉c (22)
with A(~pj) ∈ {a(~pj), b(~pj)} and C(~p ′j ) ∈ {c(~p ′j ), d(~p ′j)} and |0¯〉 (and 〈〈0¯| ) being the
dual vacuum annihilating creation operators and creating annihilation operators
(See also Section 6.2!). Above we used the useful identity
(
T
[O(x1) . . .O(xn) ])T =
T
[
(O(x1))T . . . (O(xn))T
]
holding for Bosonic and Fermionic operators. Eq. (22)
may be rewritten in the following way:
(2π)4 δ4(Pf − Pi) (−i) T if =
= |0¯〉T A(~pNi) . . .A(~p 1) T [ exp(− i Sint)− 1 ] (C(~p ′1))+ . . . (C(~p ′Nf ))+
( 〈〈0¯| )T
≡ |ψi 〉T T [ exp(−i Sint)− 1 ]
(〈〈 ψf |)T . (23)
The (eventually complex) transition probability for a causal process is 54) 55):
T fi Tfi = |ψi 〉T T [ exp(−i Sint)− 1 ]
(〈〈 ψf |)T 〈〈ψf | T [ exp(i Sint)− 1 ] |ψi〉
= (−1)NF (NF−1)/2 ×
×〈〈 ψf |
(
T [ exp(−i Sint)− 1 ]
)T |ψi 〉 〈〈ψf | T [ exp(i Sint)− 1 ] |ψi〉 . (24)
54) Hence the (complex) “probability” of a state |ψ〉 to be in a state |Y 〉 appears to be
|ψ 〉T 〈〈 Y |T 〈〈Y |ψ〉 = |Y 〉T 〈〈 ψ |T 〈〈ψ|Y 〉. For a further short discussion see [16].
55) If T fi Tfi is complex for a causal process, then also the respective causal cross section will
be complex. Only if the underlying theory represented by a causal Lagrangean or causal Hamil-
tonian is probability conserving, i.e. non-absorptive, T fi Tfi and therefore also the causal cross
section will be quasi-real, i.e. infinitesimally close to a real number. Hence, for selective (so called
“inelastic”) causal processes in probability non-conserving theories (e.g. open quantum systems)
the respective causal cross sections will develop a finite imaginary part. Within particle physics
this new feature complements in a beautiful manner, what is well understood for a long time in
theoretical optics, i.e. that the imaginary part of the refractive index of a material is related to its
absorption coefficient. Similar arguments hold for anticausal processes and respective anticausal
cross sections. A temptative interpretation of complex cross sections was provided by T. Berggren
[105]. Furthermore, he suggested to study experimentally observable effects to measurable line-
shapes in inelastic scattering experiments due to complex cross sections. Inversely we suggest that
a reality constraint on causal cross sections will yield important theoretical constraints on (mass
and coupling) parameters of Lagrangeans used to describe elastic scattering processes.
20
Non-Hermitian Quantum Theory and its Holomorphic Representation . . .
8 Applications
8.1 The “Shifted” (Anti)Causal Harmonic Oscillator
In 1997 C.M. Bender & S. Boettcher [107] (See also M. Znojil [148, 108]) used the
non-Hermitian Hamilton operatorH = p2+x2+i x = p2+(x+i/2)2+1/4 obtained
from a Harmonic Oscillator shifted to a complex space point x = −i/2 as an
example to show that its spectrum En = (2n+1)+1/4 = 2n+5/4 can be indeed real
due to the underlying “PT-symmetry”. Noting that in this work there is seemingly
not made any distinction between the real variable x and the complex variables
z and z∗ appearing in the holomorphic representation, we want to illustrate here
the explicit formalism for a respective shift of the (Anti)Causal Bosonic Harmonic
Oscillator within (A)CQT. The Hamilton operator of the “unshifted” (Anti)Causal
Bosonic Harmonic Oscillator in holomorphic representation and in “representation
free” form are given by:
H(z, z∗) = − 1
2M
d2
dz2
+
1
2
M ω2 z2 − 1
2M∗
d2
dz∗2
+
1
2
M∗ ω∗2 z∗2 ,
H =
1
2
ω {c+, a }+ 1
2
ω∗ {a+, c } . (25)
Without changing its spectrum the Hamilton operator is shifted from (z, z∗) to
(z + α, z∗ + β∗) by applying the following operator, which is denoted in the holo-
morphic representation as Uz,z∗(α, β
∗) and in the representation free case as U [α, β∗]:
Uz,z∗(α, β
∗) = exp
(
i (αp+ β∗ p∗)
)
= exp
(
+ α
d
dz
+ β∗
d
dz∗
)
,
U [α, β∗] = exp
(
i α
√
M ω
2
(a+ c+) + i β∗
√
M∗ ω∗
2
(c+ a+)
)
. (26)
The respective inverse operators are given by U−1z,z∗(α, β
∗) ≡ Uz,z∗(−α,−β∗) and
U−1[α, β∗] ≡ U [−α,−β∗]. The “shifted” Hamilton operator obtained by a standard
equivalence transform H(z + α, z∗ + β∗) = Uz,z∗(α, β
∗) H(z, z∗) U−1z,z∗(α, β
∗) and
H [α, β∗] = U [α, β∗] H U−1[α, β∗] is respectively:
H(z + α, z∗ + β∗) = H(z, z∗) +M ω2 α
(
z +
α
2
)
+M∗ ω∗ 2 β∗
(
z∗ +
β∗
2
)
,
H [α, β∗] = H +M ω2 α
(
i√
2M ω
(a− c+) + α
2
)
+M∗ ω∗ 2 β∗
(
i√
2M∗ ω∗
(c− a+) + β
∗
2
)
. (27)
The “shifted” Hamilton operator will be PT -symmetric (i.e. H(z+α, z∗+β∗)PT =
H(z+α, z∗+β∗)) for α = −β ⇔ α∗ = −β∗. It will be Hermitian/T -symmetric (i.e.
H(z + α, z∗ + β∗)T = H(z + α, z∗ + β∗)) for α = β ⇔ α∗ = β∗. Bender’s example
“H = p2 + x2 + i x ” is essentially obtained by H(z + i γ, z∗+ i γ∗) with γ = +1/2.
For ω 6= ω∗ — even being strictly PT -symmetric — only some part of its spectrum
En,m = ω (n+
1
2 ) + ω
∗(m+ 12 ) with n,m ∈ IN0 is real, namely if n = m.
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8.2 Non-Hermitian Supersymmetry
Non-Hermitian Hamilton supersymmetric operators with PT-symmetry have been
investigated already for quite some time (See e.g. [130, 131, 120, 149, 150, 50,
129]!). We want here to go one step further and consider the non-PT-symmetric
Hamilton operator of an (Anti)Causal Supersymmetric Harmonic Oscillator, being
the sum of a causal Bosonic and Fermionic Harmonic Oscillator with equal complex
frequency ωC , and an anticausal Bosonic and Fermionic Harmonic Oscillator with
equal complex frequency ωA:
H =
1
2
ωC {c+, a }+ 1
2
ωC [ d
+, b ] +
1
2
ω∗A {a+, c }+
1
2
ω∗A [ b
+, d ]
= ωC
(
c+a+
1
2
)
+ ωC
(
d+b − 1
2
)
+ ω∗A
(
a+c+
1
2
)
+ ω∗A
(
b+d − 1
2
)
= ωC (c
+a+ d+b) + ω∗A (a
+c+ b+d) . (28)
As usual in a supersymmetric system the positive and negative contributions to the
Bosonic and Fermionic vacuum energy, respectively, cancel. The Hamilton operator
is easily diagonalized by the normal right eigenstates
∣∣nB, nF ; n¯B, n¯F 〉 or normal
left eigenstates
〈〈
nB, nF ; n¯B, n¯F
∣∣ given by
∣∣nB, nF ; n¯B, n¯F 〉 = 1√
nB! n¯B!
(c+)nB (d+)nF (a+)n¯B (b+)n¯F
∣∣0〉 ,
〈〈
nB, nF ; n¯B, n¯F
∣∣ = 1√
nB! n¯B!
〈〈
0
∣∣ d n¯F cn¯B bnF anB , (29)
(with nB, n¯B ∈ IN0 and nF , n¯F ∈ {0, 1}) yielding the respective energy eigenvalues
EnB ,nF ;n¯B ,n¯F = ωC(nB +nF )+ω
∗
A(n¯B + n¯F ). Now we define supercharges Q± and
respective Hermitian conjugate supercharges Q+± by:
Q+ = a d
+ , Q++ = d a
+ , Q− = c
+ b , Q+− = b
+ c . (30)
The supercharges Q+ and Q− (and Q
+
+ and Q
+
−) are nilpotent, yet not related by
Hermitian conjugation, i.e.:
Q2± =
(
Q+±
)2
= 0 , (Q±)
+ 6= Q∓ . (31)
The Hamilton operator can be expressed in terms of supercharges as follows:
H = ωC {Q+, Q−}+ ω∗A {Q+−, Q++} . (32)
Application of supercharges interrelates as usual distinct eigenstates of the Hamil-
ton operator belonging to the same eigenvalue. For normal right eigenvectors we
have:
Q+
∣∣nB, nF ; n¯B, n¯F 〉 ∝ ∣∣nB − 1, nF + 1; n¯B, n¯F 〉 ,
Q−
∣∣nB, nF ; n¯B, n¯F 〉 ∝ ∣∣nB + 1, nF − 1; n¯B, n¯F 〉 ,
Q++
∣∣nB, nF ; n¯B, n¯F 〉 ∝ ∣∣nB, nF ; n¯B + 1, n¯F − 1〉 ,
Q+−
∣∣nB, nF ; n¯B, n¯F 〉 ∝ ∣∣nB, nF ; n¯B − 1, n¯F + 1〉 . (33)
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In order to compare this non-Hermitian supersymmetric Harmonic Oscillator with
its Hermitian counterpart one has to decompose creation and annihilation operators
of this oscillator into their Hermitian (“shadow”) components 56). The Hamilton
operator of the (Anti)Causal Supersymmetric Harmonic Oscillator in terms of cre-
ation and annihilation operators of the Hermitian shadow fields is given by:
H =
ωC + ω
∗
A
2
(a+
(1)
a
(1)
− a+
(2)
a
(2)
+ b+
(1)
b
(1)
− b+
(2)
b
(2)
)
− ωC − ω
∗
A
2 i
(a+
(1)
a
(2)
+ a+
(2)
a
(1)
+ b+
(1)
b
(2)
+ b+
(2)
b
(1)
) . (36)
This expression reflects most transparently the tricky interplay of normal/abnormal
Bosonic/Fermionic shadow fields, when providing us with supersymmetry even for
arbitrary complex-valued oscillator frequencies ωC and ωA. The PT-symmetric
Hamilton operator is obtained by setting ω ≡ ωC = ωA yielding (ωC+ω∗A)/2 =Re[ω]
and (ωC − ω∗A)/(2 i) =Im[ω]. The limit Im[ω] = 0 was considered recently in [50],
where the abnormal Fermions b
(2)
and b+
(2)
are called Phermions 57).
56) The decomposition in Hermitian (“shadow”) components is performed as follows:
a =
1√
2
(a
(1)
+ i a
(2)
) , a+ =
1√
2
(a+
(1)
− i a+
(2)
) ,
c =
1√
2
(a
(1)
− i a
(2)
) , c+ =
1√
2
(a+
(1)
+ i a+
(2)
) ,
b =
1√
2
(b
(1)
+ i b
(2)
) , b+ =
1√
2
(b+
(1)
− i b+
(2)
) ,
d =
1√
2
(b
(1)
− i b
(2)
) , d+ =
1√
2
(b+
(1)
+ i b+
(2)
) . (34)
The creation and annihilation operators of the Hermitian shadow fields obey the following
(anti)commutation relations:
(
[a
(1)
, a+
(1)
] [a
(1)
, a+
(2)
]
[a
(2)
, a+
(1)
] [a
(2)
, a+
(2)
]
)
=
( {b
(1)
, b+
(1)
} {b
(1)
, b+
(2)
}
{b
(2)
, b+
(1)
} {b
(2)
, b+
(2)
}
)
=
(
1 0
0 −1
)
,
(
[a
(1)
, a
(1)
] [a
(1)
, a
(2)
]
[a
(2)
, a
(1)
] [a
(2)
, a
(2)
]
)
=
(
[a+
(1)
, a+
(1)
] [a+
(1)
, a+
(2)
]
[a+
(2)
, a+
(1)
] [a+
(2)
, a+
(2)
]
)
=
(
0 0
0 0
)
,
(
{b
(1)
, b
(1)
} {b
(1)
, b
(2)
}
{b
(2)
, b
(1)
} {b
(2)
, b
(2)
}
)
=
( {b+
(1)
, b+
(1)
} {b+
(1)
, b+
(2)
}
{b+
(2)
, b+
(1)
} {b+
(2)
, b+
(2)
}
)
=
(
0 0
0 0
)
. (35)
As usually Fermionic and Bosonic field operators commute.
57) Note that the author of [50] uses the notation {b
(2)
, b ♯
(2)
} = −1 rather than {b
(2)
, b+
(2)
} =
−1, as he believes that {b
(2)
, b+
(2)
} should be a positive operator. Instead, we follow here
L.K. Pandit [52] who understands — as discussed in the introduction — that Hermitian con-
jugation cannot be defined without specifying the metric!
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8.3 Towards a Theory of Strong Interactions without Gluons
Is is common belief that the theory of strong interaction is described by QCD
[13] 58), i.e. gluons and (anti)quarks. The clear experimental evidence allowing such
a belief (in particular with respect an eventual existence of gluons) is still lacking
59). On the theoretical side there seem to be now even strong arguments against the
existence of gluons due to calculations by R. Alkofer et al. [156] (See also [157]!)
who observe that spectral functions of gluons violate positity 60), while the spectral
functions of quarks do not! At the first sight there does not seem to be a substitute
for gluons at hand, which allows to achieve asymptotic freedom without getting in
conflict with the statements by Coleman, Gross, and Zee, as asymptotically free
theories with e.g. scalars and Fermions are required to be rather more [158] than
less [159] exotic. Mysteriously, the Quark-Level Linear Sigma Model [160] (QLLσM)
has been a rather successful theory to describe various experimental facts involving
hadronic physics at low and intermediate energy (See e.g. [161] and references
therein!). Guided by this observation we “mapped” [17] in 2002 by a simplistic
argument the Lagrangean of QCD (Strong coupling g !) into a Lagrangean of a
QLLσM which is supposed to describe quark-quark scattering equally well at high
energies. In unitary gauge we obtained the following QLLσM Lagrangean:
L = qc+
( i
2
↔
∂/ −M + g
√
NF
Nc
[√
2 i (ss S + sp i P γ5) +
1√
2
(sv 6V + sy 6Y γ5)
])
q−
+
1
2
tr
[(
∂µS − i g
√
NF
2Nc
(
sv[V
µ, S]− i ssspsy{Y µ, P}
))2]− 1
2
M2 tr
[
S2
]
+
1
2
tr
[(
∂µP − i g
√
NF
2Nc
(
sv[V
µ, P ] + i ssspsy{Y µ, S}
))2]− 1
2
M2 tr
[
P 2
]
− 1
8
tr
[
(V µν+ )
2
]
+
1
4
M2 tr
[(
V µ+
)2] − 1
8
tr
[
(V µν− )
2
]
+
1
4
M2 tr
[(
V µ−
)2]
− λ
2
tr
[(
(S + i P )(S − i P ))2] + gauge fixing terms/ghosts + h.c., (37)
with ss, sp, sv, sy ∈ {+1,−1}, V µ± = V µ±Y µ, V µν± = [Dµ±, Dν±]/(−i g
√
NF /(2Nc) ),
Dµ± = ∂
µ − i g
√
NF /(2Nc)V
µ
± , tr=“flavour-trace”, and S, P , V
µ, Y µ are scalar,
pseudoscalar, vector and axial vectorNF×NF meson field matrices in flavour space,
58) This belief is strongly supported by experiments probing the perturbative regime of QCD
and displaying there successfully a key feature of QCD, i.e. asymptotic freedom. Furthermore, as
discussed in [151], it had not only been shown [152] that non-Abelian gauge theories are asymp-
totically free, yet also “proved” by S. Coleman & D.J. Gross [153] that “. . . no renormalizable field
theory without non-Abelian gauge fields can be asymptotically free . . .”. The absence of asymp-
totic freedom in QED had been proved earlier by M. Gell-Mann & F. Low [154] and “shown” for
(pseudo)scalar-Fermion theories involving one coupling constant by A. Zee [155].
59) Experimental observations e.g. of multijet events in high-energy physics experiments cannot
yet convincingly be related to gluons, as they may be also well due to different partonic structures.
60) Just a warning: it may well be that these positivity violations are just an artefact due to
some problems with (non-Abelian) Gupta-Bleuler projection on physical states in the context of
truncated systems of Dyson-Schwinger equations or on the lattice.
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respectively, while λ = (g
√
NF /Nc )
2. This unexpected result is a non-Hermitian
QLLσM Lagrangean, which is asymptotically free due to a purely imaginary Yukawa
coupling, the PT-symmetry of which suggests in correspondence to C.M. Bender’s
“physical” i φ3-theory [107, 128] a real spectrum of the respective Hamilton oper-
ator! Additionally we observe that all vertices are accompanied by weightfactors
completely in accordance with the 1/
√
Nc expansion [162], while the V and Y
mesons couple to the S and P mesons in a similar manner as in an 1-loop effective
action of the Gauged Linear Sigma Model in [163] or the Extended Chiral Quark
Model in [164] obtained by a tedious Bosonization from the QCD Lagrangean.
Furthermore we observe that the obtained Lagrangean provides strictly Sakurai’s
vector meson universality required in [165] by renormalization constraints. Hence,
the obtained Lagrangean is a theoretically very admissable Lagrangean for the de-
scription of strong interactions, which may be used to replace the Lagrangean of
QCD at high energies. After including photons the Lagrangean can be even spon-
taneously broken down to low energies by allowing the scalar mesons to develop
a complex-valued vacuum expectation value, which will provide the quarks with
complex masses explaining their invisibility at low energies. Based on experience
with the dynamical generation [160, 166] of Linear Sigma Models we finally feel the
need to perform a slight important modification of the value of the quartic coupling
λ having resulted from our simplistic “mapping” for a reason, which we will illus-
trate here on the basis of a much simpler “Wess-Zumino-like” Linear Sigma Model
Lagrangean involving only one scalar σ, one pseudoscalar η, and Nf Fermions ψ:
L = ψc
( i
2
↔
∂/ −Mψ + g (σ + i η γ5)
)
ψ
+
1
2
(
(∂σ)2 −M2σ σ2
)
+
1
2
(
(∂η)2 −M2η η2
)− λ
4
(
σ2 + η2
)2
. (38)
The quadratically divergent tadpole appearing in this theory can be absorbed by
a suitable counterterm. As in the supersymmetric Wess-Zumino model [167] there
can be extracted a relation between the Yukawa-coupling g and the quartic cou-
pling λ by requiring an exact cancellation of quadratic divergencies on the level
of σ- and η-selfenergies. A cancellation of quadratic divergencies up to two loops
yields the important relation g2Nf = 2λ − i λ2 34 ln
(
4
3
)
. The well known one loop
relation [166] g2Nf ≃ 2λ being obtained by skipping the term O(λ2) suggests, that
a Linear Sigma Model with purely imaginary Yukawa coupling g should be accom-
panied — up to one loop — by a negative quartic coupling λ. This explains partially
the intimate relation between C.M. Bender’s [107, 168] “physical” i φ3-theory and
K. Symanzik’s & C.M. Bender’s [168, 107](See G. ’t Hooft [152]!) “physical” −φ4-
theory. Moreover suggests the (non-perturbative) two-loop relation between g and λ
that at least one of these couplings have to be complex-valued for λ finite 61). A cor-
responding non-perturbative two-loop relation between λ and g for the Lagrangean
Eq. (37) is in preparation. Recall, that it is (A)CQT allowing us to work consistently
61) This might simultaneously explain why standard φ4-theory possesses a non-trivial phase
when treated non-perturbatively [169].
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in the presence of complex masses and couplings! Due to these our observations we
suggest to look for supersymmetric partners of standard model particles not at high
energies, where we don’t find them, yet in the complex energy plane, where they
have escaped our observation by now! Similarly also the scalar Higgs-Boson may
hide from present experiments not only due to Adler-like zeros of reaction ampli-
tudes like in hadronic physics [170], yet also due to the feature of being a broad
resonance whose pole is situated — in correspondence to a complex-valued scalar
vacuum condensate — somewhere in the complex energy plane.
9 Final Remarks
We are fully aware that this introductory presentation and mentioned literature
is far from being exhaustive. Many important and interesting issues and aspects
of the comprehensive formalism have been omitted to keep the present size of the
manusscript under control, yet may be certainly subject to and make part of a more
detailed forthcoming outline. As an example we mention that the sketched complex
probability concept going hand in hand with the presence of non-Hermtitian density
matrices will have important implications not only to modern information theory
and statistical physics, yet might also contribute e.g. to the resolution of certain
quantum-theoretic paradoxa [171]. Even though it should have become clear that
renormalization in (A)CQT is performed — even for fields with finite complex mass
— in complete analogy to traditional HQT, the (observable) consequences of imag-
inary parts of mass and coupling parameters to resulting finite quantities deserve
certainly a more thorough investigation. The present discussion on PT-symmetric
QM being a cousin of the Lee-model is reminding us again that we still have not
made use of all possibilities which QT is offering to us. The existence of physically
acceptable non-Hermitian Hamilton operators with a real spectrum opens interest-
ing new fields in physics which have not been explored yet and which seem to allow
simple solutions to tradionally complicated problems like e.g. asymptotic freedom
and confinement in strong interactions having been unnecessarily constraint by the
influential and impressive “proofs” e.g. by A. Zee, S.R. Coleman, D.R. Gross, F.
Wilczek performed under too restraining assumptions. The formalism of (A)CQT
presented here may be used conveniently to approach such problems and even prob-
lems with complex spectra without running into quantum-theoretic inconsistencies.
As in the formalism of Open Quantum Systems (OQS) [172, 141], where one needs to
close the system by a “heat bath” (“reservoir”, “environment”) before quantizing,
we had to “close” a causal system in (A)CQT by adding the respective Hermitian
conjugate anticausal system. To make (A)CQT causal, Poincare´ invariant, analytic
and local we had to apply the POSTULATE of non-interaction of the causal and the
anticausal system. Such an uncorrelated situation between system and heat bath
would be called in the formalism of OQS complete positivity [172]. It is quite attrac-
tive to draw more correspondences between the formalisms of OQS and (A)CQT.
As in Thermal Field Theory (TFT) [173], but for different reasons and already at
zero temperature, we observe also in (A)CQT a doubling of degrees of freedom due
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to the underlying indefinite metric. Differently from TFT or the respective Real
Time Formulation (RTF) [174] the position of the vacuum at zero energy and the
new antiparticle concept in (A)CQT does not allow to excite particle-antiparticle
pairs by distribution functions having an overlap with negative energies due to
finite temperature. Hence, in (A)CQT the excitation of particle-antiparticle pairs
(even with complex masses) at finite temperature has to be resolved by distribution
functions making use of positive energies only, requiring a modification of TFT and
its RTF, which will simultaneously lead to the concept of a causal heat bath. A
similar argument rules out Gribov’s theory for confinement [175] within (A)CQT.
Our considerations showed that the way along which scientific progress proceeds
is far from geodesic. P.A.M. Dirac tried to explain with his hole theory for electrons
protons [5, 2], while experimentalists disovered shortly afterwards [2] the positron,
i.e. the electron’s antiparticle. Since then the positron has served as the example to
explain the existence of Fermionic antiparticles on the basis of the negative energy
states of the Dirac equation, while Dirac had parallelly developed for Bosons the
orthogonal idea, that negative energy states are responsible for particle absorption.
Now, after investigating the implications of causality to the antiparticle concept
even for complex mass particles we had to notice, that even for Fermions negative
energy states are responsible for annihilating positive energy particles and their pos-
itive energy antiparticles, and not for their existence. Surprisingly, in the resulting
antiparticle concept Fermions and anti-Fermions being isospin partner show up to
have — without harm and contrary to the “proof” of V.B. Berestetskii [14] — the
same intrinsic parity, like traditionally Bosons and anti-Bosons! Even though the
original ingenious construction of Dirac is nearly replaced, the ideas of Dirac persist
through the reveiled existence of antiparticles and a lot of important insights in the
theoretical formalism of QT and particle physics. Unfortunately it seems that very
influential still active authors of important ideas related to indefinite metric, nega-
tive norm states and complex ghosts are still denying the possibility of a meaningful
use of complex poles in QT 62). Anyway — young scientists and physics students
should be obliged to read their most important and “thrilling” papers!
This work has been supported by the Fundac¸a˜o para a Cieˆncia e a Tecnologia
(FCT) of the Ministe´rio da Cieˆncia e da Tecnologia (e do Ensinio Superior) of
Portugal, under Grants no. PRAXIS XXI/BPD/20186/99, SFRH/BDP/9480/2002,
and POCTI/FNU/49555/2002.
62) E.G.C. Sudarshan abandons the most interesting part on negative norm states of a preprint
[176] with the title “Non-relativistic proofs of the spin-statistics connection” by commenting “. . .
Stipulating that such negative norm states (negative Hilbert space metric!) cannot be present in
any physical theory will eliminate the possibility of obtaining an inverted spin-statistics connection
. . .” and shifting some of the discussion on non-Hermtitian fields to an appendix, even if we have
demonstrated above, that causal states being non-Hermitian necessarily consist of underlying
normal and abnormal shadow states; N. Nakanishi still defending his discouraging conclusions
with respect to his Complex-Ghost Relativistic Field Theory states: “. . . Since the appearance of
negative probability is the greatest problem in the indefinite metric theory and since, historically,
many great physicists proposed wrong resolution of it, I cannot believe that you could resolve
this problem correctly. But since it seems to me that you understand the indefinite-metric theory
quite differently from the standard one, it is very difficult to discuss this problem with you. . . .”
(N. Nakanishi, private communication, 31.10.2003).
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